We consider the following analogue of a problem of Turin for interval graphs: Let c = c(n, rn) be the largest integer such that any interval graph with n vertices and at least m edges contains a complete subgraph on c vertices. We determine the value of c(n, m) explicitly.
Introduction
We consider in this paper an interval graph analogue of Turin's theorem in extremal graph theory. We first mention brieiiy some notation and terminology. The graphs to be discussed are ail finite and without multiple edges or loops. E(G) and V(G) denote the sets of edges and vertices of a graph G. K,, denotes the complete graph on n vertices. A cycle is a circuit in which no vertices are repeated. A chord is an edge joining two nonconsecutive vertices of a cycle. A graph is reducible if each of its cycles of length a? least four contains a chord. A point o of a graph G is a simplicial point of G if the induced subgraph of G with vertex set u and all vertices incident with v is a complete subgraph.
A graph G with vertices vl,. . . , v, is an interval graph if there exists a set P = {ai : 1 s i s n} of intervals on the real line such that for any 1 s i s i s n : ViVj is an edge of G if ai fl aj # p). For a number X, {x} denotes the smallest integer which is not less than x. Graph theory terminology not explicitlv defined above may be found, for example, in [l] or [2] .
Turan's famous theorem (see [5] ) tells us something about the largest K, that any graph with n vertices and a given number of edges will contain. Roughly speaking, Turiin's theorem asserts that any graph with n vertices and slightly more than (r -2)/(r -1) of the maximal number of edges will contain a K,. More precisely we have the following: Theorem (Turiin). Let n ~~32 and let t be defined by n=rq+t, 0~Cr.
Let (r-2)(n2-t2)+ T(c, t) = -2(r -1)
7'hen if G is a graph with n vertices and more than T(n, r) edges, G contains a Kr.
The motivation for with interval graphs. this paper has been a conjecture of the same nature dealing Conjecture. If cy is a fixed number, 0 c cu < 1, and G is an interval graph with n vertices (n is sufficiently large) and (E(G)1 2; crn(n -l), then there exists a positive constant p, depending on ar, such that G contains a K, with r > /3n, and such that p approaches 1 as a approaches 1.
We shall settle this conjecture affirmatively and in a more precise form (Theorem 2, below).
Let c = c(n, m) (d = d(n, m)) be the maxima1 integer such that any interval graph G (reducible graph G) with n vertices and at least m edges contains a KC (a I&). It is easy to verify that any interval graph (see [3] ) is a reducible graph so that c(n, m)a d(n, m).
We shall determine the exact values of c( n, m) and d (n, m). A key role in our argument will be played by the following theorem due to Lekkerkekker and Boland (see [4] ): Theorem 1. A reducible grqh contains a simplicial point.
For any nonnegative integers n, I and m with m s 1 n(n -1) let f(Z)=f(&n)=i(I-1)(1-2)+(n-I+l) (l-2) and let g(n, m)= n+$-J((n-$)2-2m).
(1) (2) Sore that x = g(n, m) is the smaller root of f(x) -m = 0, the other root being greater than n. It is an easy consequence of Theorem 2 and (2) that the conjecture st n?ed a&ove is in fact true. We state this as Theorem 3. 
Proof of Theorem 2
We will first show that d(n, m)s{g(n, m)}-1 and then show that c(n, m)s {gh mN-1.
Suppose that G does not contain a is a reducible graph with 1 V(G)1 = n, /E(G)1 = m, and which Kl. We will show that this implies
Let G1,. . . , G,, be n subgraphs of G such that G1,, -G, and Gi-1 is obtained from Gi by taking out the vertex Zli and all the edges incident with it, G1 is the vertex u1 and for each i, 1 C is n, Vi is a simplicial point of Gi. Such a Vi exists by Theorem 1, since Gi is a reducible graph.
For each i, 1 s i <n, let di = I(t+ : i< i and UiDj is an edge of G}I.
By our construction, di = I{ Uj : j C i and UiUj is an edge of Gi} 1 l Clearly,
and
for otherwise tii would be incident to I -1 vertices in Gi, and since tri is simplicial in Gi this implies that Gi and therefore G contains a K,, contradicting the assumption. Thus from (4), (5) and (6) Let 1= {g(n, m)}. We construct a family P of n intervals on the line such that the corresponding interval graph G contains m edges but no K1.
Construction. Let P' be a family of n intervals al, . . . , a, such that ai = [ai, bi] and for i Cj, ai c aj and bi C 6jm Suppose also that for 2~ is I -1, ai meets al, l l l 9 q-1, and for 1 s is n, ai meets cy i-(1-2)7 ai-(I-l), l l l 9 ai-l* Clearly such a construction is possible, the number of intersecting pairs is f(Z) and there are no 1 intervals such that each two meet. Since x = g(n, m) is the only root of f(x) -m = 0 which is less than n and I 2 g( n, m) one has f(I) > m.
It is now possible to move the intervals of P' in such a way that for the new family P, the corresponding interval graph P contains exactly IX edges and no KI. Thus c(n, m) s {g(n, m)}-1. This completes the proof.
The results obtained here can be used to prove a theorem dealing with common transversals for convex sets in the plane (see [3] ).
